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Abstract:  

Model predictive control is a form of control in which the current control action is obtained by solving, at each sampling 

instant, a fin ite horizon  open-loop optimal control problem, using the current state of the plant as the initial state; the 

optimization yields an optimal control sequence and the first control in this sequence is applied to the plant. An importa nt 

advantage of this type of control is its ability to cope with hard constraints on controls and states. The system of an inver ted 

pendulum is an easy one to understand and implement. Our aim was to optimize the MPC algorithm and make it  suitable for 

implementing it on the TMS 320F28335 DSP processor, to control any real t ime system.  

 
 
I. INTRODUCTION

 

Model predictive control (MPC) or reced ing horizon 

control (RHC) is a form of control in which the current 

control action is obtained by solving on-line, at each 

sampling instant, a fin ite horizon open-loop optimal control 

problem, using the current state of the plant as the initial 

state; the optimizat ion yields an optimal control sequence 

and the first control in this sequence is applied to the p lant. 

This is its main difference from conventional control which 

uses a pre-computed control law. 

We start with the general equations of input and output 

state space linear MPC model. These are given by: 

Δxm(k+1)=AmΔxm(k)+BmΔu(k)          [1 ] 

 Δy(k+1)=CmΔxm(k+1)                        [2] 

A and B are matrices which represent the system init ially.  

  

 II.INVERTED PENDULUM S YS TEM 

An inverted pendulum is a pendulum that has its center of 

mass above its pivot point. It is often implemented with the 

pivot point mounted on a cart that can move horizontally 

and may be called a cart and pole as shown in the photo.  

The inverted pendulum is related to rocket or missile 

guidance, where the center of gravity is located behind the 

center of drag causing aerodynamic instability. The 

understanding of a similar problem can be shown by simple 

robotics in the form of a balancing cart. Balancing an 

upturned broomstick on the end of one's finger is a simple 

demonstration, and the problem is solved in the technology 

of the Segway PT, a self-balancing transportation device. 

 
1.A schematic drawing of the inverted pendulum on a cart. 

The rod is considered massless. The mass of the cart and 

the point mass at the end of the rod are denoted by M and 

m. The rod has a length l. 

For our example, let's assume the following quantities: 

(M) mass of the cart =0.5Kg  

(m) mass of the pendulum=0.2 kg  

(b) coefficient of frict ion for cart=0.1 N/m/sec 

(l) length to pendulum center of mass=0.3 m 

(I) mass moment of inertia of the pendulum=0.006 kg.m^2 

(F) force applied to the cart 

(x) cart position coordinate 

(theta) pendulum angle from vert ical (down) 

For the PID, root locus, and frequency response sections of 

this problem, we will be interested only in the control of 

the pendulum's position. This is because the techniques 

used in these sections are best-suited for single-input, 

single-output (SISO) systems. Therefore, none of the 

design criteria deal with the cart's position. We will, 

however, investigate the controller's effect on the cart's 

position after the controller has been designed. For these 

sections, we will design a controller to restore the 

pendulum to a vertically upward position after it has 

experienced an impulsive "bump" to the cart. Specifically, 

the design criteria are that the pendulum return to its 

upright position within 5 seconds and that the pendulum 

never move more than 0.05 radians away from vertical 

after being disturbed by an impulse of magnitude 1 Nsec. 

The pendulum will in itially begin in the vertically upward 
equilibrium, = .  

In summary, the design requirements for this system are: 

 Settling time for of less than 5 seconds  

 Pendulum angle never more than 0.05 rad ians 
from the vertical  

Employing state-space design techniques, we are more 

readily able to address a multi-output system. In our case, 

the inverted pendulum system is single-input, mult i-output 

(SIMO). Therefore, for the state-space section of the 

Inverted Pendulum example, we will attempt to control 

both the pendulum's angle and the cart's position. To make 

the design more challenging in this section, we will 

command a 0.2-meter step in the cart's desired position. 
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Under these conditions, it is desired that the cart achieve its 

commanded position within 5 seconds and have a rise time 

under 0.5 seconds. It is also desired that the pendulum 

settle to its vertical position in under 5 seconds, and further, 

that the pendulum angle not travel more than 20 degrees 

(0.35 radians) way from the vertically upward position.  

 

Force analysis and system equations  

Below are the free -body diagrams of the two elements of 

the inverted pendulum system. 

 
Summing the forces in the free-body diagram of the cart in 

the horizontal direct ion, you get the following equation of 

motion. 

                                            [3] 

Note that you can also sum the forces in the vertical 

direction for the cart, but no useful information would be 

gained. Summing the forces in the free -body diagram of the 

pendulum in the horizontal direction, you get the following 

expression for the reaction force .     

                         [4] 

If you substitute this equation into the first equation, you 

get one of the two governing equations for this system. 

     [5] 

To get the second equation of mot ion for this system, sum 

the forces perpendicular to the pendulum. Solv ing the 

system along this axis greatly simplifies the mathematics. 

You should get the following equation.  

      [6] 

To get rid of the and terms in the equation above, sum 

the moments about the centroid of the pendulum to get the 

following equation.  

                                     [7] 

Combin ing these last two expressions, you get the second 
governing equation. 

                [8] 

Since the analysis and control design techniques we will be 

employing in this example apply only to linear systems, 

this set of equations needs to be linearized. Specifically, we 

will linearize the equations about the vertically upward 

equillibrium position, = , and will assume that the 

system stays within a small neighborhood of this 

equillbrium. This assumption should be reasonably valid 

since under control we desire that the pendulum not deviate 

more than 20 degrees from the vertically  upward position. 

Let represent the deviation of the pedulum's position from 

equilibrium, that is, = + . Again presuming a s mall 

deviation ( ) from equilibrium, we can use the following 

small angle approximat ions of the nonlinear functions in 

our system equations:  

                                     [9] 

                                    [10] 

                                                          [11] 

After substituting the above approximat ions into our 

nonlinear governing equations, we arrive at the two 

linearized equations of motion. Note has been substituted 

for the input .  

                                  [12] 

                              [13] 

1. Transfer Function  

To obtain the transfer functions of the linearized system 

equations, we must first take the Laplace transform of the 

system equations assuming zero initial conditions. The 

resulting Laplace transforms are shown below.  

    [14] 

       [15] 

To find our first transfer function for the output   and 

an input of   we need to eliminate  from the 

above equations. Solve the first equation for  .  

                         [16] 

Then substitute the above into the second equation. 

 

[17] 
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Rearranging, the transfer function is then the following 

 
[18] 

where, 

                    [19] 

From the transfer function above it can be seen that there is 

both a pole and a zero at the origin. These can be cancelled 

and the transfer function becomes the following. 

 
[20] 

Second, the transfer function with the cart position  as 

the output can be derived in a similar manner to arrive at 

the following.  

 
[21] 

 

2. State-S pace  

The linearized equations of motion from above can also be 

represented in state-space form if they are rearranged into a 

series of first order differential equations. Since the 

equations are linear, they can then be put into the standard 

matrix form shown below.  

 
[22] 

        [23] 

The matrix has 2 rows because both the cart's position 

and the pendulum's position are part of the output. 

Specifically, the cart's position is the first element of the 

output and the pendulum's deviation from its equilib rium 

position is the second element of .  

 

III.MODEL PREDICTIVE CONTROL  

 

The state space equations for an MPC system are g iven by 

[1] and [2]. 

However, the calculated observations are in the continuous 

domain, by sampling them at time Ts. To realize this 

system, we must convert it  to discrete time to process it 

further. We thus use these formulas for the same: 

 

Ad = (I+ATs)|x=x(k),u=u(k−1),  

Bd = BTs |x=x(k),u=u(k−1) and x(k)∈ℜn
, u(k)∈ℜm

   [24] 

 

The main  assumption is that the system is both controllable 

and observable at each time instance. 

 

The equations 22 and 23 are used repeatedly one one 

another to form the recursive equation of an MPC system, 

which is given by: 

 

                             X=Sxo +TU                                  [25] 

Here, X is the matrix of ‘n ’ states of system. We deviate a 

litt le by defin ing the ‘horizon’ here, given by n. In layman’s 

terms the horizon can be understood as the ‘extent’ of 

prediction. Hence as our horizon increases, the accuracy of 

the system increases, but the size of matrices increases, 

which increases the amount of time taken and the RAM 

required for such processing. Hence, we can write X as:  

X= 

xo
x1
 
xn

    

 

The S matrix is derived as: 
 

S= 

 d

 d
 

 
 d

n

  

 

The T matrix is derived as:  

T= 

 d    
 d d  d   

    

 d
n-1
 d  d

n- 
 d   d

  

 

Finally, U is defined as: 

U== 

uo
u1
 
un

    

 

The classical approach in making the matrices in 

MATLAB, one would assume, is that we assign blank 

matrices first, and then keep updating them according to 

the size of n. However, when we tried to build this code in 

Simulink, it gave us an error. The issue with Simulink 

models is that it fails to build the MATLAB code if the size 

of any matrix inside varies. Hence, we wrote another 

method of doing this to tackle the problem. The sizes of 

matrices were defined  earlier and the matrix elements were 

all replaced while execution. 

The cost function considered for finite horizon optimal 

control problem subjected to discretized dynamics is given 
by 

 

[26] 

where, Q and P are positive semi-defin ite and R is positive 

definite weight matrix. N is th eprediction horizon and xre f k 

is the reference trajectory. 

Usually the DARE command of MATLAB is used to 

calculate the P matrix, but the DARE command is not 

supported by the simulink code generation, thus we have 

provided the following solution for solving the Discrete 
Algebraic Riccati Equation. 

Q and R weight matrices are set by us and P is satisfies the 
discrete algebraic riccati equation, given by 

 

[27] 
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where A,Q and X are nxn  complex matrices, R is an mxm 

matrix, and is assumed that Q, R are Hermit ian and positive 

definite matrices; here A* denotes the complex conjugate  

A' of the transpose A
T 

of the transition matrix A. The 

algebraic solution method that we have used is closely 

connected to the standard eigen value problem or the 

generalized eigenvalue problem for a 2n x 2n real matrix, 
which depends on the coefficients matrices A,B,Q,R.  

 

[28] 

We will be discussing two methods for finding the P, when 
A is non-singular. 

When A is non-singular, using the 2n x 2n Hermit ian 

matrix 

                                        [29] 

where In denotesthe n x n  identity matrix, the calcu lation 

shows that  

 

A matrix T is called symplectic, whenever the above 

equality is verified. The matrix can written as  

                  [30] 

where Λ is the diagonal matrix, which contains the 

eigenvalues of matrix T that lie  outside the unit disk and W 

is the matrix of the corresponding eigenvectors of T; its 
partition into four n x n b locks is denoted as  

                                  [31] 

Theorem: Let (A, B) and (A*, Q) be stabilizable pairs with 

A nonsingular matrix. Let the DARE  have 

a Hermit ian solution and the block matrices W12; W22 be 

nonsingular. Then, 

                               XR= W22 W12
-1 

    [32] 
is the unique maximal Hermitian solution, and 

                              XR= W21 W11
-1 

                                   [33] 

is the unique minimal Hermit ian solution. 

Quadratic programming  

 

The next step in the optimization is quadratic programming 

for optimization of the equation given by: 

                         J(x0,U) =U
T
HU +FU                         [34] 

The approach, as one would deem obvious, is to use the 

“quadprog” in M TL  , as that’s where the simulat ion is 

happening. However, there are two problems : 

1. The simulat ion of a system which uses quadprog 

is extremely slow, and hence proper results are not 

seen. 

2. The issue with the Simulink library is that it 

doesn’t support the generation of MEX or C code 

of the quadprog function and to test our MPC 

algorithm in  real time, we need to upload it  on the 

TMS board. If a  build is not supported, it is 

obvious that the SIMULINK model containing 

these functions can’t be uploaded. 

 

Hence, we wrote our algorithm for the quadprog function 

in Matlab. 

Now, there are 3 types of quadratic programming 

equations: 

1.No constraints 

2.Equality constrained 

3.Inequality constrained 

 

Equality constraints 

Quadratic programming is particularly simple when there 

are only equality constraints; specifically, the problem is 

linear. By using Lagrange multipliers  and seeking the 

extremum of the Lagrangian, it may be readily shown that 

the solution to the equality constrained problem 

 

 

is given by the linear system 

    [35] 

where is a set of Lagrange mult ipliers which come out of 
the solution alongside . 

The easiest means of approaching this system is direct 

solution (for example, LU factorization), which for s mall 

problems is very practical. For large problems, the system 

poses some unusual difficu lties, most notably that problem 

is never positive definite (even if is), making it 

potentially very  difficult to find a good numeric approach, 

and there are many approaches to choose from dependent 

on the problem. 

If the constraints don't couple the variables too tightly, a 

relatively simple attack is to change the variables so that 

constraints are unconditionally satisfied. For example, 

suppose (generalizing to nonzero is 

straightforward). Looking at the constraint equations: 

 

  [36] 

introduce a new variab le defined by 

 

  [37] 

where  has dimension of  minus the number of 

constraints. Then 

 

  [38] 

and if is chosen so that , the constraint 

equation will be always satisfied. Finding such entails 



International Journal of Engineering Science and Computing, July 2016           1891                                                        http://ijesc.org/ 

finding the null space of , which is more or less simple 

depending on the structure of . Substituting into the 

quadratic form g ives an unconstrained min imization 

problem: 

 
the solution of which is given by: 

 [39] 

Under certain conditions on , the reduced matrix 

will be positive defin ite. It's possible to write a 

variation on the conjugate gradient method avoiding 

explicit calculation of . The system we chose did not 

require any constraints for stabilization, given that the 

tuning constants are chosen appropriately. Hence, the 

solution of our quadratic problem was simply given by the 

matrix 

Uoptimum=H
-1

*F
T
    [40] 

The calculation of the next set of state variables, however, 

requires only the 1
st
 value of this matrix, as it is the next 

input. 

IV S IMULATION AND RES ULTS  

First we clubbed the inverted pendulum calculat ions and 

the classical MPC approach in a basic MATLAB script, 

which used the standard approach of dare and quadprog 

functions, and also had variable matrix d imensions. We 

constructed the Simulink model of the inverted pendulum 

system. MATLAB provides an inbuilt animation of a 

simulated inverted system. This model was used as a 

method of verification. The reference point of the ‘x’ 

parameter was fed back to the MATLAB code so we could 

change our reference in between simulat ion. The results, as 

shown below are good enough, as the inverted pendulum 

would stabilize itself according to the predictions it made. 

 ut this model consisted of the functions ‘dare’, 

‘quadprog’ and it also had variable matrix sizes, as we had 

mentioned before. Hence, this can’t be used for real time 

simulation as Simulink doesn’t support these functions for 

build.  

         
X SCOPE                                    X DOT SCOPE 

     
PHI SCOPE                           PHI DOT SCOPE 

 
 

THE INVERTED PENDULUM PROVIDED BY 

SIMULINK 

 

V UPLOADING ON TMS  320F28335 

As explained earlier, we optimized this code and made the 

necessary alterations after writing the equations and 

algorithms for DARE, quadprog and avoiding matrix size 

expansion. As expected, Simulink can now build this 

model and write it to the processor. Another advantage in 

this method, when we check it on the animated frame 

response, was that the amount of time taken for simulation 

of the model was much lesser as the equations we used are 

calculating the response in the least number of possible 

steps. The speed of which the inverted pendulum model 

now simulates, due to the reduction in calculation time is 

almost 10 times faster than what it was using the classical 

approach. 

 

VI CONCLUS ION 

With conclusive proof of the working of MPC on an 

inverted pendulum model we can thus say that the MPC 

algorithm hasn’t only been optimized to run in the least 

number of steps, it has also been made compatible with the 

TMS 320F28335 DSP board, or any DSP processor for that 

matter. The next step is running the MPC algorithm on a 

real t ime system, using the processor mentioned.  
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